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INTRODUCTORY.

1. The Problem.—When we have a set of quantities w,, u,, ... w,, which may be
regarded as the observed values of certain unknown quantities Uy, U,, ... U, and we
form the hypothesis that these U’s can be represented by a formula which either is
completely determined by @ prior: considerations or involves constants which have
to be determined from the data, how are we to decide whether the hypothesis is justified ?

The classic method of testing a hypothesis of this kind is Prof. KARL PEARSON’S
“x2”’ method, published in 1900 (ref. 6). But in one important class of cases the
accuracy of his formula is open to doubt. The problem has not yet been finally solved :
the object of the present paper is to take a step towards its solution.

2. Points to be met.—The nature of the problem can be seen by considering an im-
perfect treatment of it, for a particular class of cases. Suppose that we are concerned
with a frequency-distribution, say, of men’s heights, and that our data, relating to
N men, are the total numbers whose heights Y are respectively below Y;, Y,, ... Y,,.
These numbers may be called Na,, Na,, ... Na,,. How are we to test whether this
observed distribution can reasonably be regarded as the result of random sampling of
N individuals from an indefinitely great population in which the proportion for which
Y is less than Y,(f=1,2, ... m) is a certain hypothetical function of Y, and of %
unknown constants C;, C,, ... G, ?

A crude method would be as follows. We calculate values for the C’s, by some
method, from the data. We then calculate what the proportions would be if these
were the true C’s ; call these calculated proportions A,, A,, ... A,. The differences
between these  calculated ”” A’s and the “ observed ”” a’s are the “ discrepancies ” of
the o’s. Now if we took a random sample of N from a large population falling into
two categories in which the numbers were proportional to A, and 1 — A, respectively,
and if the numbers actually taken were Na, and N (1 — a;), the mean value of No, — NA y
would be 0, and its s.d.* would be {NA,(1 — A,)}®. The ratio of the actual value of
Na, — NA, to its s.d. can be found for each of the m values of f; and we can see whether
the distribution of these ratios is such as might reasonably be due to random sampling
from a set of ratios with mean value 0 and standard deviation 1.

The imperfections of this method are as follows :—

(A) We take no account of the fact that by finding the C’s from the a’s we have
already to some extent fitted the hypothetical formula to the data, and that an approxi-
mate agreement between the deduced values and the data must, to this extent, be
fallacious. If, to take an extreme case, % were = m, so that we used a formula with
just as many C’s as @’s, the discrepancies would all be 0 : but this would prove nothing
as to the suitability of the formula. Another way of stating the matter is that we
compare each discrepancy, not with its own s.d., but with the s.d. of the true error.

* Abbreviations.—m.p. = mean product ; m.p.e. = mean product of errors; m.s. = mean square;
m.s.e, = mean square of error; s.d. = standard deviation,
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(B) In considering the distribution of the ratios of discrepancy to s.d. of discrepancy,
we are treating these ratios as statistically independent, whereas in reality they are
correlated. (Another point, which is not so obvious, is that the ratios are not algebraic-
ally independent, but are connected by % relations.)

(C) While the method is tolerably correct when NA, and N (1 — A,) are both large,
it is not sufficiently correct when either of these numbers is rather small.

In a paper published in 1898 (ref. 7, §§ 24, 32), one object of which was to obtain
formulée for testing the hypothesis of normal distribution or normal correlation, I met
(A), so far as these particular cases were concerned, by using the true s.d. of the dis-
crepancy in place of the s.d. of the error. But the method was not really satisfactory,
as I did not realise the importance of (B). In view of (C), I limited my method to
cases in which the numbers involved were fairly large ; 4.e., I grouped small frequencies
at the extremities of the range.

3. PrARsSON’s y? method.—In 1900 PEARSON published his ¥? method, mentioned above.
The method may be stated briefly, with some alteration of notation, as follows.

(I) First, take the class of cases in which the hypothetical formula is completely
determined by a priori considerations. Let the observed quantities be uy, s ... U,
and let the corresponding quantities, on the hypothesis we are considering, be Uy,
U,, ... U,. On this hypothesis, the differences between the u’s and the U’s are
errors, which we can denote by ¢, ¢,, ¢ ... ¢, so that

(r=1L2...m) u,=U,+¢e. .. ... ... (3.1

Let the m.p. of errors ¢, and ¢, be E,, ; and let the set reciprocal* to K,, be E*. Then
the frequency of cases in which the errors respectively lie within limits

31 :l': %dsla €2 + ‘}z‘dsz: ves + %dem
is proportional to e **de, de, ... de,, Wher;z’i‘
S=FEM*ege,. . . . . ... ... .. (32

Now let P denote the proportion of cases in which the errors are such that § has
the above or a greater value. Then P is taken as giving the grade of frequency of

* The set Hy, consists of By, B ... By, By (= Byy), Es.... Let A be the determinant of which
these are the elements. Then E/7 is defined as (co-factor of Ey in A)--(value of A). Alternatively,
we can define EM as the mean-product set of the set  conjugate ” to €,.

T I use the shortened sum-notation, in which the duplication of a greek suffix means summation for
each value of the suffix. As a rule, a, B ... will refer to summation for « (or B...)=1,2... k;
Ap..forl,2...m;andm, p,6...for k+1,k+ 2... m. Thusp,g, willmean p1g; + poga + .. =+ Pyl
Also T use ’ to denote the quantity whichis 1if f=g and 0 if f 2 g.

[

R 2
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this particular set of errors ; the grade varying from 1, when all the errors are 0, to 0
when any of them are indefinitely great. By a change of variables, PEARSON shows that

J‘ e Wy dly
Pt (3.3)

0

where x? = 8, as given by (3.2), the ¢’s having the actual values given by (3.1).

(II) In the case of a definite frequency—distribution; from which N individuals are
supposed to have been taken at random and sorted into m - 1 categories, let Ny, Ny,
N, ..: N,, be the numbers which would come into these categories if the distribution
were representative, and let n,, %y, %, ... %, be the actual numbers, where

n0+n1+n2+"'+nm=N'

Then, denoting the differences 7, — Ny, 7, — Ny ... %, — N, by &g, &1 ... ¢, it 18
shown that y in (3.3) is given by

~ (III) Next take the case of a frequency-distribution for which the hypothetical
formula is of a given type but contains unknown constants which have to be determined
from the data. The “ best ” values of the constants having been so determined, we
calculate the corresponding N’s in accordance with them, and find the discrepancies
between these calculated N’s and the observed #’s. It is stated that the previous results
then apply, the ¢’s being replaced by the discrepancies ; i.e., that if the discrepancies
are 0,, 0,, 0, ... 0, then ’

P -{Xs A

" RF® P T S ST S T S ) (3.5)
f e~y dy
0
where
e 2 e 2 e 2
L= 4L - = e . 3.6
X N, +N1 -+ +Nm (3.6)

4. Observations on the method.—The method involves the assumption that S is a
quadratic function, which means that the errors of observation are small in comparison
with the observed quantities. If, therefore, it is applied to an ordinary frequency-
distribution, where some of the numbers are small, the difficulty (C) arises. The
difficulty is avoided (¢f. §2) by grouping small frequencies at the extremities of the
range. I shall assume throughout this paper that the errors of observation are
relatively small, so that (C) can be left out of account. On this understanding, (I)
and (II) are sound ; and the method has the great merit of considering the errors as a
whole, so that, for these cases, (B) is fully met. But does (III) meet (A) ? PEARSON
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recognised the existence of the difficulty, and dlscussed it in some detail ; but the
validity of his reasoning is open to doubt.

The apparent defect of the method can, as already indicated, be expressed in either
of two ways. The ¢’s are the true errors ; and we can say that we are wrong in replacing
these true errors by the discrepancies between the calculated and the observed values.
Or we can say that, since we are dealing with discrepancies, we are wrong in using
the m.ss. and m.pp. of the errors. Both these statements are true. But, if we try
to remedy the defect by using the m.ss. and m.pp. of the discrepancies in place of the
m.ss. and m.pp. of the errors, we shall find that (in consequence of the algebraical
relations mentioned in §2) the determinant of the mean-product set is 0, and that the
reciprocal set, therefore, does not exist. The problem really needs independent con-
sideration.

There has in recent years (see references at end of this paper) been some discussion
of the applicability of PEArsoN’s method to particular classes of cases, but the general
theory does not seem to have been fully investigated. Its treatment necessarily
involves some repetition of results obtained by other writers as regards frequency-
distributions.

GENERAL ForMULZ.

5. Assumplion as to frequency of errors—It is assumed that the errors with which
we are concerned are so distributed that the frequency of joint occurrence of errors
lying within the limits e, 4= 3de;, €5 & 3de, ... ¢, + 3de,, (these errors being algebraically
independent) is proportional to e **de,; de, ... de,, where S is a quadratic function
of €5, €5 ... ¢,. Itis also assumed that the m.ss. and m.pp. of these errors are known ;
or, at any rate, that our results may be regarded as final when they are expressed in
terms of these m.ss. and m.pp.

The former assumption leads to the following results : —

(1) The mean value of any error is 0.
(ii) Let the m.p. of ¢, and ¢, be denoted by E,, ; and let E™ be the set reciprocal
to E,,. Then S8 = E""s,\s
(iii) Let v, be a set of m expressions which are linear functions of the m ¢’s and are
algebraically independent ; and let the m.p. of =, and u, be H,. Then the
frequency of joint occurrence of values lying within the limits

Ny 2§01, ng & 3, .. M £ 3dn,.

is proportional to e dny, dy, ... dv,,, where S has the same value as before. Also, by
(1), S = H*un,m, ; and therefore Hnn, = BM¢,c,.

(iv) Let 95, 95 ... m, be a smaller number of (algebraically independent) expressions,
which are linear functions of the ¢’s. Then there are similar properties, S being
replaced by a quadratic function of v, 1, ...%,. This, of course, includes the
case in which v,, 7, ... 7, are [ selected ¢’s. l ’
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6. Notation.—As a rule, true (or hypothetical) values are denoted by capital letters,
observed values by small letters, and errors by small greek letters; values deduced
from the data are denoted by small letters or by accented capitals.

Uy, Uy . . . Uy aTe the observed quantities.

U, Uz ... U, are the corresponding quantities for a certain hypothetical formula

C, Cy. .. Ck are the constants of this hypothetical formula.

€1, €5 . . . €, are the “ errors ”’ of the observed quantities, 7.e.,

()\:1,2.-.7%) MA=U,\—{—‘€A. ...... o e e e (6.1)
The U’s are related to the C’s by a definite set of formulee |
‘ (7\-:1,2...m)U)\:f)\(Cl,02...Ck); ....... (6.2)

e.g., in the case of a frequency-distribution the U’s might be the integrals of the
hypothetical function of the (’s, the upper limits being magnitudes Y;, Y, . . . Y,, which
are the basis of the classification.

The C’s are deducible from the U’s by a set of £ equations

6=1,2..0C=F (U,U,...U). . .. .... (6.3)

These equations must be consistent with (6.2), and must be algebraically independent,
but otherwise can be chosen to suit our convenience (see §11).
The values of the constants as deduced from the data are therefore

(@=12...08c="F (u, up...w). . ... ... (6.4)
With these deduced values of the constants we find the  calculated ”” U’s, namely,

r=1L2..m)U,=fi(c,ca.co0r) . . . . . .. (6.5)

The differences between these calculated U’s and the observed «’s are the * dis-
crepancies,” which it is more convenient to denote by 6 than by <. Thus the dis-

crepancies are
A=1L2..m6=u—U, ......... (6.6)

It should be observed, throughout, that the assignment of the suffixes is quite
arbitrary. In the case of a correlation-table, for example, the entries might be numbered
consecutively by columns or by rows or diagonally or in any other way.

The relations (6.2) and (6.3) may be given implicitly, provided there is no ambiguity
as to the result.

By (6.1) and (6.6)
. OA g = — (UI)‘ - U,\) ; .......... (6.7)

t.e., the error involved in treating the discrepancy as the error is equal but opposite
to the error of the calculated U.
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7. Formula for discrepamcy.—The errors being assumed to be small, we are ohly
working to their first powers.
The errors ¢, of the u’s, when ¢, is found from (6.4), produce in ¢« an error
o, ,
ol "
(6.3)

“(6.3) ” being written underneath to indicate the formula to which the differentiation
relates. These errors of the ¢’s, when (6.5) is used, produce in U’, an error

oU, oC,
oC, 8U

(6.2) (6.3)

(The dummy 2’s in the preceding expression have been altered to u’s, in order to keep
A as the leading letter.) The calculated U, is therefore

oU, oC,

UA_—_UA+aC BU S e e e e e e e (7.1)
and, by (6.6) and (6.1), the discrepancy is
0
(A=1,2...m) 0, = ¢, — gg a% S (7.2)

the partial derivatives being obtained from (6.2) and (6.3). The m.ss. and m.pp.
of the ¢’s being known, those of the 6’s can be calculated.

oU, a0,

8. Relations between purtial derivatives.—The occurrence of the expression FTo . BU

in (7.2) leads us to consider the relations between the partial derivatives.

(i) The values of %@Q‘ In (7.2) are to be obtamed from (6.2), and those of g%" from

(6.3). The p-summation in STOJ_ €, 18 to be made for all values of p from 1 to m. If,

however, the formula (6.3) for any particular C does not involve a particular U, say U,,
the corresponding error ¢, will not appear in the summation. But this does not mean
| aC,
, oU,. .

(ii) The formulee (6.2) give us the U’s in terms of the C’s ; and (6.8) give us the C’s
in terms of the U’s. If the expressions for the C’s in (6.3) are substituted in (6.2),
we shall get formulee giving each U in terms of the U’s, say,

that e, = 0 ; the reason is that = 0.

(h=1,2..m) U, =g (U, U,...U,. ....... (81)


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

122 W. F. SHEPPARD: THE FIT OF A FORMULA FOR DISCREPANT OBSERVATIONS.

The existence of these relations is due to the fact that, though (6.2) comprises m formulz,
the formule only involve k£ (s, and therefore there are m — k relations between them,
v.e., there are only % formule which are algebraically independent. Similarly only %
of (8.1) are algebraically independent.

We now have
oU, 80, __ aU,
aC, U, au,’
(6.2) (6.3) (8.1)

(r=1,2...m) L2

Hence (7.2) may be written

U, . .

0, = ¢, — agﬂ €ud o e e e e e e (8.2)

the partial derivatives being obtained from (8.1). In practice, however, (7.2) is probably
the more convenient form, the expressions for gg nd g%“ being obtained from the

original formulee (6.2) and (6.3).
If any partlcular €, say «,, does not occur in (8 2),1t is because the corresponding U,

oU, ;
oU,
(iil). A class of cases of special importance consists of the cases in which the formulse

(6.3) involve only %k U’s, which we may call U;, U, ... U,. The formule then take
the form

namely U,, does not occur in (8.1),

(@=1,2...k C=F(U,U,...U); . ..... (8.3)
and they are the converse of the first £ of (6.2), namely,

B=12...k Us=f(C,Cy...Co. . ... ... (8.4)
The remaining m — & of (6.2), namely

(p:k—]~1,k—{—2...m) UPZfP(Cl, Cz o“Ck)p ..... (8.5)

give the remaining U’s in terms of the C’s.  They can, by (8.3), be expressed in terms of
the first £ U’s ; we may write the result as

(e=k+1,k+2...m) U,=g,(U,U,...0Y). ... .. (8.6)

Thus we have split up (8.1) into two sets of formulse, namely

o (v=1,2... k) U, =0,
'(x=k+Lk+2umutL=$a%Ur.Ug}" ®.7)
We have then '
b2k U 23U _ P 9

I


http://rsta.royalsocietypublishing.org/

A A

j A Y

Y |

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

' \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

W. F. SHEPPARD : THE FIT OF A FORMULA FOR DISCREPANT OBSERVATIONS. 123

and
h=k+1,k+2...m) gg g%ﬁ gg; ...... (8.9)
gg’; in (8.9) being found from (8.6). - - Thus (7.2), which only involvese,, &, ... & becomes
(A=1,2...m) 0,=¢c,— gg*g%ﬂ = — ggﬁ ... (8.10)
where %%; 18 1 if 7\ = B, is 0 if A has any other of the values 1,2 ... k,and is given by
(8.6) if  has any of the values £ 41, k2.
‘(iv) We have go far been considering gg‘ g—%— The reverse expression, 8% gg:

presents less (hfﬁculty The equations (6.3) must be consistent with (6.2) ; and there-
fore, if we substitute from (6.2) in (6.3), we must get C,. It follows that, for all cases,
whether (6.3) contains only £ U’s or more than %k, we have

oC, oU, _ oC “ )

(a=1,2...k) m@::mi ﬂ. ....... (8.11

9. Relations between discrepancies.—Returning to the general formula for 6,, we
come upon a paradox. We are assuming that the ’s are the observed values of certain
definite U’s. We can never know the true values of the U’s. But in (7.2) we have
m equations giving the m discrepancies in terms of the m ¢’s. Why cannot we, by
solving these equations, find the ¢’s in terms of the 0’s, and then, by subtracting the
¢’s from. the u’s, obtain the U’s ?

‘The explanation is that the m discrepancies are not algebraically independent, but
are connected by % relations (¢f. FISHER, ref. 3, p. 93), so that there would really be only
m — k equations for finding the ¢’s. Suppose, for instance, that our method of finding
the constants of a frequency-distribution includes the equating of 1lst moments.
By doing this, we arrive at a hypothetical distribution whose 1st moment is equal
to that of the u’s. We then find the calculated U”’s. But the 1st moment of these
must also be equal to the 1st moment of the hypothetical distribution, and therefore
equal to the 1st moment of the u’s. The 1st moment of the discrepancies will therefore
be 0. Similarly, if we use the mean-and-mean-square method, the 2nd moment of
the discrepancies will be 0. Or, again, suppose we determine ¢; and ¢, from u; and u,.
Then, when we calculate the U’’s from these values of ¢; and ¢,, U’y and U’, will neces-
sarily be equal to 4, and u,, i.e., 6, and 6, will both necessarily be 0.

In the 1st-moment case, we equate ¢, to p,u,, where p,, p, ... are certain coefficients
depending on the way in which the data are set out; and this gives p,6, =0. This
suggests |

e aOa _ ST !
(e=1,2... k) aU,\eX—_O R (9])

VOL. CCXXVII.~—A 8
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as the general formula for the relations between the 6’s. This is easily verified. For,
substituting from (7.2), we find, by (8.11),

8, o _ 3C. ( U, 3G, )
ou, oU, ao,, au,, o~
_ 30, "%,
aUA an
00, C,
— 30, T aU, ¢
= 0,

10. Method of procedure.—~The procedure is therefore as follows. Having settled the
form of the functions in (6.3), we obtain ¢, ¢, ... ¢;, and thence find the actual values
of 0, 0, ...0,. We select m — k of these, which we can call 6,. These m — &k may
be any we please, provided we do not include any which are necessarily zero ;
if, for instance, the ¢’s are found from wu,, u, ... %, we must use 0,,,, 6,45 ... 0,. In
any case, since the order in which we number the ’s is immaterial, we can call the
0’S 04415 Ozeg ... 0,. The expressions for the 6’s in terms of the ¢’s are given
by (7.2) ; and therefore, knowing the m.pp. of the ¢’s, we can calculate those of the 6’s.
Let ©,, be the m.p. of 6, and 6, ; and let ®™ be the set reciprocal to @,,(§3). Then
the frequency of joint occurrence of discrepancies lying between 0., & $d0,4; ...
6,, & 4d6,, is proportional to ¢ * d9,,, ... df,, where 8 = 0™6,9,. We then follow
Prarson’s general method. Writing

E=8=0™0,0,, . . .. .. ... .. (10.1)

the 6’s being the actual discrepancies in the particular case, we find that the proportion
of cases in which 8 has this or a greater value is

P =X e (10.2)

| emumray
0 -

It will be noticed that this differs from Prarson’s formula not only in replacing m by
— k but also in the form of the expression for x'2. The necessity for the former
al’oeratlon in the case of a frequency-distribution was pointed out by R. A. FisHER
(ref. 3, p. 93 ; of., YULE, ref. 8, p. 96).
It will be seen from §5 (iil) that, instead of calculatmg 070,6,, we can take any
linear functions of the 6’s, 88y 41, News -+ Mm> a0d calculate H™n,n,, where H,,
is the m.p. of n,and »,. This will give us the same value of 2, and the same value
of P'.
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11. Discrepancies under different systems.—The expression for S, given in (10.1), is
supposed to be obtained by finding the ¢’s from the data by means of the equations
(6.4). - But, as has already been pointed out (§ 6), there is an infinite number of ways
of forming these equations; ¢.e., there is an infinite number of routes by which we
can proceed from any particular data to a value of x'2. In the case, e.g., of 4 supposed
Gaussian distribution we might, as the mean and mean square of the distribution, take
the actual average and average square given by the distribution as a whole; or we
could deduce the mean and the mean square from the average cube and average fourth
power ; or we might make a selection from the data in any arbitrary manner, and
deduce the mean and mean square from these. What method are we to choose ?
It is, e.g., necessary to use the method which gives the most probable values of the
constants, on some definite assumption as to relatlve probability ¢ Or, if not, what
other criterion is to be adopted ? .

The answer is that it does not matter what method we use, provided 1t is a ““ correct ”’
method, 4.e., provided that it would give the correct™ values of the constants if there
were no errors in the u’s, and provided also, of course, that when we have found the
constants we take account of all the discrepancies, subject to the algebraical relations
between them. Different methods will give different discrepancies ; but they will also
give-different m.ss. and m.pp. of the discrepancies, and the resulting value of § will be
the same whatever method is adopted.

To prove the above statement, suppose that by one method we obtain a set of m — &
discrepancies 6,, the mean product of 6, and 6, being @,, ; and suppose that from the
same data, by another method, we obtain a set of discrepancies ¢,, the mean product
of ¢, and ¢, being ®,,. (It will be seen from § 10 that the 6’s and the ¢’s will not
necessarily be discrepancies of the same set of u’s; indeed, the sets will usually be
different.) Then in the one case we get S=0™ 0,0,, and in the other case we
get S = @™ ¢, ¢,. We want to prove that these two expressions are equal ; it will
then follow that the two deduced values of P’ are equal.

It will be seen from §5 that in order to prove this it is sufficient to prove that the
#’s are linear functions of the 6’s, or, which comes to the same thing, that the 6’s are
linear functions of the ¢’s. Here we are up against the difficulty mentioned in §9.
If we were dealing with m 6°s, not algebraically connected, and with m ¢’s, also not
algebraically connected, each of these would be a linear function of the m ¢’s, and they
would therefore all be linear functions of one another. But there are only m — k 6’s
and m — k ¢’s. The matter therefore requires further consideration.

12. Types of variation of method.—To make the enquiry complete, let us consider
separately the different kinds of variation that we might make in the method ; since
we are only dealing with first powers of the errors, any change of system could be made
up of these separate variations. }

* Strictly speaking, this proviso excludes the method of moments, if the formule for the moments are

only approximate.
s 2
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(1) First, suppose that instead of dealing with the m u’s we deal with m other quantities
derived from them in a definite way. In the case of a frequency-distribution, for
example, tabulated on the ordinary system, we might have m —+ 1 categories determined
by values Y, Y, Y, ... Y,.iy of a variable Y ; and the »’s would then be the proportions
falling into the first m of these categories, the proportion in the remaining category
being 1 — w; — 4y ... — u,. We might find it more convenient to deal with the
successive SUMS %;, U ~- Uy, Uy + Uy - Uz ..., Which would be the proportions
for which Y was less than Y, less than Y,, and so on. Or (see §15) we might wish, for
simplicity of calculation, to replace the «’s by functions of the «’s whose mean products
of error would all be 0. Or, in the case of a supposed Gaussian distribution, we might,
having obtained these sums, deduce from them the corresponding deviations from the
mean in the standard Gaussian figure, .e., in the standard tables, the values of « for
which the area 3 (1 4 «) has the values w;, u, + uy, u, + Uy + sy ...

Let these new quantities, obtained from the u’s, be

V= Vy, Vg oun Uy

and let their true values be V,. Then the U’s and the V’s are connected by definite

equations of the form
V, = function, (U;, U, ... U,); . . . . .. .. (12.1)

and the errors ¢, in the «’s will produce in the v’s errors

8V '
MGG e (12.2)
If ¢, is the discrepancy in v,, we see from (7.2) that the formula for ¢, in terms of the
7’s is ;
_ oV, 80 ‘
¢, =mn, — 80 aV e e e e e e (12.3)
Substituting from (12.2) in (12.3), we have
4, = aV oV, oC, BV
a0, =~ aC, av, 8U
_ oV, 9V, G,
aU 30,90, °
But (7.2) gives
av, 6, aV aV, dU, aC,
30, "~ 90, T an, 8b BU
_av, a3V, ..
=90, 4G, au,
Hence
| aV, N
4=50 . e (12.4)
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t.e.,- ¢, is a linear function of - 0,. By reason of the k relations between the 6’s, the &
that we are not using can be expressed in terms of the remainder ; -and therefore ¢, is
a linear function of 6,. /

(ii) Next, suppose that in place of the C’s we use as our constants certain other
constants Dy, D, ... D,, but that these are so related to the C’s that the equations (6.3)
still hold. Then it is obvious that we make no alteration in the discrepancies ; for all
that we do is to calculate the U”’s from (6.5) by means of the d’s instead of calculating
them directly from the ¢’s. This, indeed, is what we are constantly doing. If, for
instance, we use the mean-and-mean-square method, (6.3) might be the formule for
C,, the mean, and C,, the mean squa,re, whereas what we should really do would be to
deduce from these the standard deviation, and then use the mean and the standard
deviation for calculating the U”’s. 'This case, therefore, presents no difficulty.

(iii)) We come finally to the case in which, whether we calculate the U”s directly
from the ¢’s or from deéfinite functions of the ¢’s, we replace the equations (6.3) by a
different set of equations for the C’s. The problem is to prove that the ¢’s derived
from these new equations are linear functions of the 0’s derived from the original
equations. As I found this rather difficult, I will give the steps by which I arrived at
a proof.

13. Proof of linear relation for different sets of equations—The problem may be re-
stated. We have, as in (6.2), the definite set of relations

A=12...m) U =fi(C,Cs...C). . . ... S
Using one set of equations, consistent with (13.1), namely,
«=1,2...% C=F(U,U,...U), . ...... (13.2)

we find the ¢’s, construct the * calculated ” U”’s, and obtain discrepancies

()\ =. 1", 2 oo m) e,\ - 5,\ “‘ “AMSM’ e e e I (13.3)
where '
_ oU,aC,
a;w, = a-()—a-' é—i—f;’ ...... T e e e e (13.4)

the partial derivatives being obtained from (13.1) and (13.2). Using another set of
equations consistent with (13.1), namely,

B=1,2...k C=0,U,U,...0,), ...... (18.5)
we obtain discrepancies
.. . (7\ = 1?, 2 .’ ’m) . ¢)\ - s/\_ - b«\p.e;n AT R L TN SR (13.6)
where ’
- _ AU, oG, R
b,\u frnond 8"{3; aUM, ............ (13.7)
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the partial derivatives being obtained from (18.1) and (13.5). It is required to prove
that the ¢’s are linear functions of the 6’s, and the 6’s of the ¢’s.

(i) To verify the theorem for a simple case, I considered a Gaussian distribution,
with 4 categories : so that £ = 2, m = 3. This left only one discrepancy to be con-
sidered. Taking the U’s to be the summed frequencies ‘up to values Y, Y,, Y5 (not
necessarily at equal intervals) of the variable Y, I first used u, and Uz for determining
the constants, and found (see (17.10)) that

101293 = Pia€s + ]’2331 + Paga oo (13.8)

where pfg is a definite functlon of U, and U,. The expression on the rlght-ha.nd side
is symmetrical, and we should get the same expression for p,36, if we used u, and us,
or for ps; 0, if we used u; and u,. Thus the discrepancies by the three methods are
multiples of one another. '

(i) It Will be found that, if the mean and the standard deviation of the above dis-

tnbutlon are denoted by M and D, pfg is proportional to M Hence, if we

3 (M, )
write _
5, = 2(0aU)
77 9(M, D)

(13.8) becomes ,

. J12e3 == ']-1233 + J23€1 "l" J81€2 ...... N (13-9)
This may also be written
a (Ulﬁ Uz: Ua) (Ulﬁ U‘z, Us) a (Ul, Uz, Us) a (UI’ U2’ Us) .
3OLD, T, * T J(LD, Ty, ° T a(LD, Ty T B D, Ty 2 (1810)

in Which it is to be understood that in developing the J acoblans dU,/dU, is to be taken*
to be |’

Thls formula can be extended to the more general case in which kis > 2, m — k&
being = 1. The value of the dlscrepancy , obtained by finding ¢,, ¢, ... ¢, from
the u’s other than uy, is then given by S

0(U, Uy \..U, Uy g 0(U, U, ... U, U,y
9(Cy, Gy ... Gy Uf) ef 0 (C, Gy ... G, Uy Wi (1341)

where, as in the preceding paragraph, oU,/oU, is to be taken to be ‘. The

. &
expression on the right-hand side is the same for all values of f; the discrepancies under

the different systems are therefore multiples of one another.

* The U’s are given by equations U, = f, (M, D) ... (1), U, = f, (M, D) ... (2), Uy =5 (M, D) ... (3).
For determining M and D we use equations M = F; (U,, Uy), D =F, (U, U,), which are the inverse of
(1) and (2). If we substitute from these equations in (3), we get Uj in terms of U, and Uy, say U; =g,
(U,, U,). What is stated above is that this last relation is ignored, U, being taken as independent of U,

and U,.
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(iif) Next take the case in which there are only 2 constants, but m is 4 or more.
Suppose that we first determine the constants from %, and u,, obtaining discrepancies
0,, and then determine them from u; and w, obtaining discrepancies ¢,. With the
notation of (13.3) and (13.6), the formule for the discrepancies are

6, =0,0,=0,0,=¢,— @, & — 232(9—3 4. ) ... (1812)

and we want to prove that 0,is a linear function of the m — 2 ¢ s'(excludmg ¢ and ¢,),
and ¢, a linear function of the m — 2 0’s (excluding 6, and 6,).

Supposing that this really is the case, let us see what the form of the expression for
0, in terms of the ¢’s will be. Since 6, involves ¢, ¢;, and e, we should expect the
expression to contain ¢,, ¢;, and ¢, ; and it will not contain ¢; or ¢,. But, if 2 is any
suffix other than g, 1, or 2, and ¢, occurs in the expression for 6,, it can only occur once ;
and there will be nothing to cancel out ¢, in order to produce the expression in (13.12)
when the ¢’s in 6, are converted into ¢’s by (13.13). It follows that, if 6, is a linear
function. of the ¢’s, it can only involve ¢, ¢;, and ¢,. And, since the coefficients
of ¢, &, and ¢, in ¢, ¢;, and ¢, are unity, the coefficients of the latter in the expression
for 8, in terms of the ¢’s must be the same as the coefficients of ¢, ¢;, and ¢, in the
expression for 6, in terms of the ¢’s, v.e., in (13.12). What we should have to prove,
therefore, is that

ey = ‘/’g - gl‘ﬁl - g2¢sa

¢ = B, — bys0; — bn4e
(1v) Without stoppmg to prove this, let us pass on to the general formule suggested

by it and see whether they are true. Substituting from (13.4) in (13.3), we see that the
formula to be established for 6, is ’

and similarly that

oy, oC,
eg = (/’g ‘a—Og aU ¢M b

the partial derivatives being obtained from (13.1) and (13.2).

" Substituting from (13.6) and (13.7) in the right- hand side of this formula., and using
(8.11), we get :
_ 30,20, _ _dU,aC, ( 80,30, )

" 30, 30.% 30, 0N T30, a0,
o (20 ) (0,20 020,
» 3G, aU, ) ~\30, 20, 3U, 3G, / 50
=0 _(allg__[_g )aC
*\aC, ~ aC. 1/ 3T,
»—\ac, ~ G, /0, "

i
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so that
2U, 2C,

o= b —giap he e - (1314

This gives 6, as a linear function of the ¢’s. In the same way we can show that

—o U, 9G4 . .
b, = 0, aOBaU“e”, ......... K (

so that', is a linear function of the 6’s. Thus the proposition is proved.
(v) We can state this result briefly as follows. Suppose that by one method we

obtain discrepancies ,
0, = A5,

and that by another method we obtain discrepancies
¢1\ = B)\,u.an. ;

the set of m «’s being the same in the two cases. Then the 6’s and the ¢’s are con-

nected by the relations , ‘

| O, = Apdyy,  br=Bub. . . . . . . ... (13.16)

For a verification of the theorem by a numerical example, and comparison of the
value of P’ with that of P given by PEarsoN’s formula, see §§ 19, 20.

14. Unknown quantities in the formule.—The formule at which we have arrived
contain expressions of the form dU/oC and oC/oU ; and we have proceeded as if we
knew, or could find, the true values of these quantities. This, of course, we cannot do :
we must adopt the usual practice of using values given approximately by the data.
The most satisfactory procedure is to find the most probable values of the constants,
on the usual assumption as to relative probabilities of different values. A method of
doing this, for frequency-constants, is given in Appendix I.

15. Choice of method : ratios of aggregate frequencies.—As we get the same result
whatever method is adopted, we are at liberty to choose our method. It will usually
be found convenient to choose it so as to simplify calculation of the m.ss. and m.pp. of
the 6’s. In view of (7.2), this means that we should (i) restrict the ¢-formule (6.4) to
k of the ’s and (ii) choose the w’s—or, in the language of § 12 (i), choose »’s which are
functions of the u’s—so as to be statistically independent, i.e., so that their m.pp. e.
shall be zero. ,

In the case of a frequency-distribution, we can do this by dealing with the ratios of
aggregate frequencies. Let the numbers in the successive categories (taken in any
order we please) be nq, %, s, ... 0, their sum being N ; and let the successive sums
be o, ty, Ly «+. tm, 50O that ) '

t-oz(),tl2%0,...t,+1=—‘%0+n1+...+%,,;..tm+lzn»+%i +-...+%m=—"N, (]_5.1)
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Then it is obvious that the existence of an error in ¢,,, will not affect the proportion
of the #,,; that fall into ¢,, and so on. We therefore write

: — b
(f=12...m) rf;_;f—, A (15.2)
1

and it will be found that (capitals, as before, denoting true values)

: R, (1 — Ry ( 1 > \
m.s.e. of r, ==L W — R = — )L 15.
. Ty Tﬂ1 ; f Tf T/+1 ( 53)'
m.p.e. of rpand 7, (f# ¢9)=0. . . . . .. .. (15.4)

The general method of making use of this property is an extension of the method for a
Gaussian distribution, explained in § 18.

16. Limitations of the method.—The results obtained in §§ 5-15 are quite general,
and the scope of the method is, in theory, very wide. It is applicable, for instance,
to such a problem as that of testing whether two or more frequency-distributions
can be regarded as independent random samples from the same population, of a
specified kind. :

In practice, however, the value of the general results is limited by the amount of
calculation. involved. The expression ©70,6, looks simple, but its calculation in
the ordinary way involves finding the %(m — k)(m — k --1) co-factors of a sym-
metrical determinant of order m — k. This is a troublesome matter, unless m — &
is very small. There is therefore a good deal to be done before the problem can be
regarded as completely solved. We have already (see § 4) had to limit our solution to
the class of cases in which the errors are relatively small ; and we have now to make the
further general limitation, so far as practical utility is concerned, that m — & is not
to be large.

The limitation will not be necessary in any class of cases in which we can reduce
®™0,6, to an expression which can be easily calculated. The 1mportant case is that
of frequency-dlstrlbutlons, for which PEarsoN has given the expression y2 of (3.6).
The question which has now to be considered is whether, or under what conditions,
%2 can be used in place of x'2. T begin by obtaining some general formule for the
case of a normal distribution, for the purpose of considering a numerical example.

APPLICATION TO NORMAL DISTRIBUTION

17. Formules for normal dzstmbumon —For a normal or Gaussian dlstrlbutmn, we
use the method and notation of §15: the categories being determined by values Y;,
Y, ... Y, (not necessarily at equal intervals) of a variate Y, in addition to the bounding
values Y, (= — ®) and Y, (= + ®).

(i) Let the mean and s.d. of the true distribution be M and D; the values determined

VOL. COXXVIIL-—A T
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from the data being m and d, with errors p and 8. Then, if the true proportion of
cases for which Y is less than Y, is A, we shall have, with the ordinary notation for a
Gaussian distribution,

X, = (Y, —

— L s A:jx’zazx
vVor T LT (17.1)

Ry = A/, T,=NA,.

Corresponding to the true values A, R, T, we have the observed values a, 7, %,
with errors ey, ps T4

- We know that :
m.p.e. of Na,and Na, = NA,(1 —A)(f=g); . . . . . (17.2)
and thence it follows that, as stated in § 15, ’
m.s.e. ofr——lﬂ-—:—-—) (-—-—-—L>, ..... 17.8
Tt T, T ( )
m.p.e.of rpand 7, (f2g)=0. ... .. ... (17.4)

(ii) It will be found from (17.1) that errors p and 5 in m and d will produce in the
calculated value of A, an error

‘ ~Zep /D —XZ, 3D, . ... ... .. . (17.5)
50 that the discrepancy in a, will be
oy =a,+ Zu/D+XZ3D. . . ... (17.6)

(iii) Now suppose that we determine m and d from the observed values a, and a,,
which contain errors «, and ;. We can find the resulting errors u and § by using
(17.5) ; for, if we find m and d from ¢, and @,, and then with these values of m and d
calculate A, and A,, we shall get back to a, and @, with their errors «, and o,. We
therefore have equations

o0, =—2,.0/D—XZ .3D
= —Z . ¢/D — X,Z, . 8/D }
pn= X —X)2% T
Ppe/D = — X, Zy, + X Zt,
 pad/D = Zye, — L, }

whence, if we write

we find that

Substituting in (17.6), the discrepancy «’s in ay, due to using 7 and d as determined
by a, and a,, is given by : ,
o D't = Pty + Pupy + Ppnr + o o o - (17.10)

whieh is equivalent to (13.8).
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(iv) To deal with the R’s, we must choose @, and @,. The A’s are A;, A, ... A,
in addition to A, (=0) and A,,,(=1); and the R’s are R; = A;/A,, R, = A, /A,,

. R,=A,/A,, =A,. Suppose we determine m and d from the last two s,
which is equivalent to determining them from @,_, and @,. Then, ¢, being the error
of r,, we have '

1—%£ = error of log 7, = error of (log a,— log Gp,1)

f
=% e e L. (711)

with, as a special case,
€m —Zm L (17.12)

Tt will be found convenient, for purposes of calculation, to deal Wlth e/R, Whlch is
the error of log 7. .

If we find m and & from 7,_, and 7, calculate the resulting values of R’;, R,
Rm_z, and subtract them from the observed values 7y, 75 ... 7,_, We get the dlscrepanmes
0’1, P2 +er p'mosr  We can write

O Pf m=1 mo .. 17.13
R, + PfR + Q== R ( )

m—1

where P, and Qy are coefficients dependmg on f. By means of (17.10) it may be shown
that

P, =4 e — e, Qf = Pf + mc L e, (17.14)
m—1, m ms m—1 .
where
e = ¢ X, A— XD 2. (17.15)

C being an arbitrary multiplier which is introduced for convenience of calculation and
disappears in P, and Qf. The P’s and Q’s having been calculated, we have

1 1

‘F —r) ¥l

mag. of § = (= g2 (s — ) T
peof & andfe=Pp, (L — L ()
m.p. of o andR-: PP, T Tm) + Q,Q, T. "N

(17.16)

We then proceed as in §10, 0 being replaced by ¢/R. The T’s, R’s, P’s, and Qs
occurring in (17.16) must be those given by the most probable values of the constants.

18. Procedure.—For comparison with PEarson’s formula, I worked out an example ;
and, partly to check my calculations, partly to verify that different methods gave
‘the same result, I did this by two methods.

T 2
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The procedure, briefly, was as follows :—

(i) Construct a typical case as explained in Appendix II, s.c., a case based on an
exact Gaussian distribution, but with incorporation of errors such as might be
due to random sampling.

(ii) Find the most probable values of the constants, as described in Appendix I.

(1ii) lWith these values for the constants, calculate the values of X, Z, A, T, R, P, Q,
on the basis of the method which is to be used in (iv), and thence calculate the
mean-product set ©,, of the discrepancies 6 = p’/R. Then find the reciprocal
set O™,

(iv) Take the distribution as determined by the last two values of ¢, and find the
calculated values R’, the discrepancies p’, and the ratios of these discrepancies
to the ““ standard > R’s of (iii), For this purpose we need not calculate m and
d: we find the 2’s corresponding to £, , and ¢,, and obtain the remaining
X"s by lst-difference extrapolation.

(v) The values of p'/R found in (iv) being the 6’s, complete the calculation
of ' = ©™0,0,, and thence find P’ by (10.2).

(vi) Repeat (v), using the first two values of ¢ in place of the last.two. The value
of 6,6, should be practically the same as that obtained in (v), i.e., the
ratio of their difference to either of them should be of order 1/4/N or less.

I began by constructing a distribution of the ordinary type, by equal intervals, taking
m = 6 (i.e., Tcells). But the results of the two methods did not agree. The reason,
no doubt, was the smallness of the numbers in the extreme cells, which made them
quite unsuitable for determining a theoretical distribution to cover the whole range.
I therefore constructed a second example, as stated in the next paragraph.

19. Numerical example.—(i) The example was constructed as described in Appendix
II. Original (hypothetical) distribution with mean = 2/3, s.d. =20/3 ; N = 300,000 ;
m = 5, the determining values of Y being — 6, — 2, + 1, + 4, + 8. The data, after
introducing errors of random sampling, were* :—

f=.0 1 2 3 . 4. 5 6
Y, = —o — 6 — 2 +1 + 4 + 8 + ®

t = 0 47494 103459 155641 207099 259240 300000

(i) A third approximation to the constants of the distribution gave (see Appendix I)

Mean of Y = 0-67658 99206,
s.d. of Y = 6-66950 00707

(I mostly worked to 10 figures, but 7 would probably have been sufficient.)

* The calculations were done with a machine lent me by the Royal Society.-
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(iii) This gave (for determining the distribution by means of a; and a,)—

Mean-product set @,

f=3. f=2. f=1.
g=23 -00000 43876 64877 0-00000 46137 73786 0-00000 94403 32876
g=2 0-00001 09772 78683 0-00001 58917 70403
g=1 0-00004 42762 28166

Reciprocal set ©7.

f = 3. f :—= 2. f = 1.
g=3 + 4 78448-91683 — 1 11181-66494 — 62106 -54477
g=2 + 2 15469-03706 — 53631 -31951
g—1 + 55077-02831

(iv) The observed values a5 and o, gave
s = -+ 1:09907 96317 1, x, = + 0-49678 59557 9,

whence we get the calculated values

I X5 'y 0, = p’s + (standard Ry).
3 -+0-04506 56988 5 +0-00120 34887 +0-00160 09754
2 —0-40665 45580 9 +0-00420 91305 -+0-00635 28147
1 —1-00894 82340 1 +0-00163 45521 40-00355 07859

(v) Combining (iii) and (iv), we get
x'?= 070,060, = 5-22941 009, y' =2-28679 035, P'=0-15574 9.
(vi) Repeating the proceés, using @, and a, instead of a5 and ¢,, I got
x'? = 5-23041 587, v =2-28701 025, P’ =0-15568 2.

(vil) The results in (v) and (vi), obtained by starting with different pairs of a’s,
agree very closely ; the two values of x" are within } in 5230, or roughly 1 in 10,000,
of their mean, and the values of P’ differ by less than 0-0001. We can safely take the
true value of 3’2 to be 5:230, with an error not exceding 1 or 2 in final figure. '

20. Comparison with PEARSON’s value.—Now let us see what we should get by using
PearsoN’s formula (3.6). His adoption of the formula was based (ref. 6, p. 165) on
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the supposition that the ““ best ” values of the constants were to be used ; but it is
instructive to begin without making this supposition.

(1) Using a5 and a,, as in the first method of § 19, I obtained
22 =14-99160 4, y, = 3-87189 9.

From this, using PEARsoN’s formula (3.5), we get
P =0-:01039 8.

But, if we use F1sHER’S modification (ref. 3, p. 93) of PEarsoN’s formula, s.e. (see § 10
above) replace m in (3.5) by m — k& (= 3), we get

P =0-00182 4.
(ii) Using @, and a,, as in the second method of § 19, we get

X =14-98679 1, 7y, =3-87127 8;
and thence
P=0-01041 9 or 0-00182 8,

according as we use m = 5 or replace it by m — k = 3.

(iti) The values of y,2 obtained by these two methods happen to agree with one
another very well, but they are much too great, and therefore give too small a value
of P, even if we retain y”~* instead of y™~*-! in the integration. This result is due to
the fact that in each case we take account of only two values of @, so that we are using
a distribution which is a poor fit to the data. ILet us therefore see what happens if we
use the best fit we can get, namely, the distribution for which the mean and the s.d.
have their most probable values. Since the numbers involved are large, this (as may
be seen by applying STirLING’S theorem to (I.4) of Appendix I) is practically the same
thing as using the minimum value of .2 (¢f. BowLeY and CONNOR, ref. 1, p. 7 ; FISHER,
ref. 4, p. 7, and ref. 5, p. 446).

The values of the constants which were used in § 19 for finding the standard values
of R, P, Q, etc., were those given by a third approximation, namely

M = 0-67658 99206, D =6-66950 00707.

To make sure of getting the best result I went to a fourth approximation, but found
that this only affected the figures in the 10th decimal place. The calculated A’s used
for §19 (iii) were therefore sufficient. Using these, I obtamed :

' | 12 =522013 6, y,=2-28476 2,
whence ‘ | :
P=0-38961 0 or  0-15636 9

for m =5 or m — k = 3 respectively. This value of 32 is within about 1 in 500 of
the true value y'2, so that the difference between them is relatively of the 1st order of
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small quantities ; and the value of P, using m — & in the integral in place of m, is there-
fore approximately the same as the true value P’.

21. Another example—We cannot, of course, lay much stress on a single example.
The calculations for finding 6,0, are so laborious that I have not worked out
another example of the same character. But, as a simple test for a Gaussian distri-
bution, I have taken the extreme case in which m = 3, so that there is only one
discrepancy to be calculated. I combined the first two groups, and also the last two,
in § 19, so that the numbers in the four categories were

103459, 52182, 51458, 92901,

the data being
Y= —o —2 +1 + 4 +
b= 0 103459 155641 207099 300000.

By successive approximations, I found for the most probable values of the constants

M =0-67570 15490, D = 6-69658 61344,

the last figure in each case being approximately correct. Working in one direction I
found

¥ =1-43566 476 ;
and in the other direction

7% = 143309 497.

The two values do not agree so closely as in the former example, but they only differ
by about 1 in 500, so they may be taken to be correct. The PEarsoN formula (3.6)
gives :
7 = 1-43439 696,

which lies between the two values of x'2. The PrarsoN-FisHER result for P is thus
practically identical with the true value.

These two examples definitely support the view that PEARSON’S expression y,2 may
be taken as giving the value of x'2, provided that the calculated values of the numbers
in the different categories are found by using the most probable values of the constants
of the distribution.

GENERAL THEORY.

22. Contingency tables.—The application. of the theory to testing of independence
in the case of a contingency table has been considered by G. Upny YULE (ref. 8)*.
Inconsistencies in results obtained by PrarsoN’s formula suggested the correction

* T am indebted to a referee for calling my attention to this investigation, which has led me to alter the
views expressed in the first draft ofjmy paper.
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subsequently put forward by FisHER, namely, the substitution of m — % for m in (3.5).
This correction being adopted, the method employed by YULE for testing the accuracy
of PEARSON’S y,2 was to make a large number of groups of experiments under conditions
‘securing independence, calculate the value of %2 for each group, and compare the
frequency-distribution of these values of y.2 with the corresponding theoretical dis-
tribution as obtained from the corrected formula for P. There was found to be a
substantial agreement.

As has already been pointed out, different ways of calculating the discrepancies give
different values of x 2. The method adopted by YULE was to calculate the “ indepen-
dence-values ”’ from the observed sub-totals (totals of rows and of columns, “ marginal
frequencies ’). It is shown below that this is equivalent to using the most probable
values of the constants. YULE’s results therefore give an experimental support to
the view that the resulting value of y 2 is practically equal to 3.

To prove this proposition, I will take first the simple case of an association (* four-
fold ) table, and then the general case of a contingency table of any number of columns
and rows.

(i) The association table may be set out in the form given below ; A and B denoting
true values, and « B y true errors.

N 1) ‘ A4« (2) N—A—a 3)

B+g @ LB o B2 Pie—y @

N—-B-—p %) é.@%:.@.+a~¥ (8) W~4_g+y 9)
i

There are 3 algebraically independent entries, and 2 unknown constants, so that
m =38, k=2. There is therefore only one discrepancy to be considered. ’
(@) To find the true value 2, we may use any discrepancy we like. Let us take the
discrepancy between the entry in (5), as calculated from (2) and (4), and its actual value.

We have then ‘
' NO, =Ny —~Ba —AB; . . ... ..... (22.1)

whence we find (¢f. SHEPPARD, ref. 7, § 21 ; YULE, ref. 8, p. 96) that

L 8% N(Bao Ap — Ny)* - | )
L @111 SXNCOBE-B 22.2)

(b) To find the most probable values of the constants, say A and B, we use Appendix L
In the notation of the Appendlx P, P, P, P and 7, %, Ny Ng correspond to enﬁnes m
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compartments (5) (6) (8) (9) of the table. Let the unknown constants C, and C, be
the proportions which properly belong to compartments (2) and (4). Then

C,=Py+P,, Co=Po+P. ... ... ... (22.3)
The condition of independence gives
Py =, C,, ‘P'l =(1—0C)Cy Py=0C; (1 —Cy), Pa=(1—0C)(1 —Cy). . (224)
By differentiation, we find that
PlogPy 1 ologP 1

, ete.

801 01 . 801 ]. - Cl
Hence, by (1.5) of Appendix I,

”0+n2_n1‘|‘”3:0 ”0"!‘”1_”2+%3:O

C, 1—C C, 1—C, 7
_ 80 that
7N 7
C, =”_o_§_“?.2_, Cy = _E_Ig_l ......... (22.5)

Thus the most probable values of the constants are the values deduced from the observed
sub-totals, the entries in the substantive table being ignored (¢f. BowLEY and CoNNOR,
ref. 1, p. 8).

(¢) It remains to prove that the resulting value of x?is equal to 2. Working from
the sub-totals, the discrepancies between the calculated entries in (5) (6) (8) (9) and
the actual entries will be 6,, — 0,, — 6;, 6, ; 0, being given by (22.1). The value of
1,2 will therefore be

= N N N N
'912{E+(N_A)B+A(N—B)+(N——A)(N——B)}’ ... (22.6)

which will be found to be equal to 2 as given by (22.2).
(i) The general case of a contingency table can be dealt with on the same lines.
Suppose that the table has & - 1 columns and % -+~ 1 rows, so that the number of
algebraically independent entries is (A1) (k4 1) —1=»hk 4+ h 4k Then the
number of unknown constants, on the hypothesis of independence, is % + k. Thus
the numbers corresponding to the m and % of the general formule are hk -7 + k&

and b + k.
We adapt the notation of Appendix I by using double suffixes for the cell-entries

of n’s and P’s. For the sub-totals of #’s we can write
Bpo = Ny + B+ oo+ Npyy Ny = Moy + My + o oo By
For the sub-totals of P’s we can write

Q=P+ Pat ..+ Py R=EP,+ P4 Py (227)
VOL. COXXVIIL—A ! U
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Thus the scheme of the n’s (observed) is

N = .. "o, N1 N0 N3 <ov T
N0 Moo 6T oo Ngo «.. Mo
(81 o1 11 No1 N1 ... Ny
Muz Nog M2 U2 Ngg  -.. Ny
Moot Poor, N1y Nap; Mg <. P

and that of the P’s (theoretical) is

1 Qo Q Q. Qs Qn
RO POO P10 P20 P30 e PhO
R’l POl Pll P21 P31 e Phl
RZ P02 P12 P22 P32 cee Ph2
Rk POk Plk A PZk P3k s Phk

where Q, and R, are to be replaced by 1 — Q;, —Q, ... —Q, and 1 — R, — R, —
... — R, respectively. The condition of independence gives

Pfy:Qng. I T R S S S (22.8)

(@) To find %2, suppose that the true values of the #’s are Nyg, Ny, Nyo, etc., so that
Ny=NP,=NQR,; ... ....... (22.9)

the true errors being €go, €91, €10, €tc. The sum of these errors is 0 ; we shall take ¢4,
to be the dependent error, so that cgg = — ey — €93 — <o — €19 — €17 — +vv — Eppe
As the & + k unknown constants we shall take Q, Q, ... Q, and R; R, ... R;; and
for calculating the discrepancies we shall take these constants to have their observed
values, 4.e., we shall work from the actual sub-totals #,, %, ... 7, and 5., %, ... %
The discrepancies which will appear in y'2 are therefore those that do not contain a 0
in the suffix, ¢.e., they are those of the entries that remain when we have struck out
the 1st column and the 1st row. The % - k relations between discrepancies, given by
(9.1), merely state that the sum of the discrepancies in any complete column or in
any complete row is 0, ¢.e.,

(f=0,1,2...0) 04405+ ...+4 0, =— fo}
(9=0,1,2... k) Oy + gy + ... + Oy = — O,

(22.10)
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Working from the given Q’s and R’s, we find that the discrepancy of n,, is

b = Nyt ep) — (NQ,+ 3!»)(NR0 + cug) /N

=, — Qe —Repnss - 0 o o o e (22.11)
and thence that
m.s. of 6, = NQ,(1 — Q) R, (1 —Ry)
m.p. of 6, and 6, = — NQ, (1 — Q) R,R,
»o Oy s Opy=— NQfo' R, (1 —Ry)
”» efv 2 05y = NQQyR.R,

(22.12)

These mean squares and mean products are the entries in the set @,,. We have
then to find the reciprocal set ®. This would be rather troublesome, were it not
that the entries are indicated by the expression we have to obtain for x'2. It will be
found (see example below) that in 2 = 76,0,

EN

1
L0 = b o
o0 T Noo + Noy + Nfo + Nfa
1 1
o0 2l = N— + m > (22.13)
c0. 20,,0p, = —— + No
g
1 .
CO. 26}"0,'0' = ﬁ.—o-;

Writing out 3’2 accordingly, collecting terms, and taking account of (22.10), we get
finally
r == ot Bt + —|- + ..... (22.14)
00 01 .
in which the 6’s are the discrepancies obtained by working from the sub-totals.
To make the work clear, take as an example a table with 3 rows and 3 columns.
By (22.12), the mean-product set, with each element divided by N, will be

611 en eu 622
0, |Q(1—Q)R,(1—Ry)| — Qi —Q)R,R, —Q; Q;R; (1 — Ry) Q.Q:R,R, ,
0,, — Q1 — Q) RR, | Q1 — Q) Ry(1 —Ry) ‘QQ:R,R, — Q1Q:R5(1 —R,)
0,y — Q:Q:R(1 — Ry) Q,Q:R,R, Q.1 — Qy) Ry(1 — Ry)| — Q(1 — Q,) RyR,
0,2 Q:1Q:R, R, —QQ:R: (1 —Ry) | —Qu(1 —Qa) RiR: |Qu(1 — Qu) Ry(1 — Ry)
U 2
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The set which is to be proved to be the reciprocal set, with each element multiplied
by N, is

611 e12 621 622
1 1 1 1 1 1 1 1 1
0 - L RIS T fall
1 POO + + PIO + 11 POO + PIO POO + POI PO{)
1 1 1 1 1 1 1 1 1
0 Lo NI ST ST 2 Aot
1 P, TP, P T P TP, TP, P Py, " By,
1 1 1 1 1 1 1 1 1
7] il — il [l T el Pt
= P, " B, Pou P, TP, TP, T B, N
1 1 1 1 1 1 1 1
) S I LTI
o2 Py p,, T P, P P, + n TP, TP,

The reciprocal relation can be checked in the usual way by adding products of corres-
ponding terms in pairs of rows, remembering that

Poo = (1 - Ql - Qz) (1 - Rl - Rz)s Po1 = (1 - Q1 - Qz) Rl’ Pozv = (1 “ Q1 - Qz) Rz:
P1o == Q1 (1 - Rl — R2), Pn = Q1R1> P12 = QI,RZa
on == Qz (1 - Rl - Rz), I)21 = Qan P22 = Qz Rz-

(b) For the most probable values of the constants, the formula (I1.5) of Appendix I
becomes

h k
Z Zn Olog Py o ... (22.15)
=0 ¢g=0 o

where C, is any one of the Q’s (Q, to Q;) or of the R’s (R; to R,).
First let C, be Q,. Then, since P, = Q;R,,

d log Py, _ d log Q;

0Q, 0Q.
But, if f=0,Q=1—Q —Q, —... —Q, Hence 9 log Q,/0Q, is 0 except when
f =0 or «, in which case it is — 1/Q, or + 1/Q,. The equation therefore becomes
Ny __ Ty
QO Qa '

This is true for all values of « from 1 to %, so that


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A

a
{ )\
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

V. \
b

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

W. F. SHEPPARD: THE FIT OF A FORMULA FOR DISCREPANT OBSERVATIONS. 143

We get a similar result with the R’s. Thus, as in the case of an association table, the
most probable values of the constants are those obtained from the sub-totals.

(¢) The resulting value of y2 is the expression on the right-hand side of (22.14),
which we have there shown to be equal to x'2.

- 28. Summary.—The present position of the problem, as regards frequency-distribu-
tions, may be stated as follows. It is understood that we are dealing with large numbers
throughout.

(1) Pearson’s first formula for the ratio which he denotes by P is

J e-—éx2xm—1 dx
P=cx (23.1)

b
jo e—b(?Xer dX
where

g €2, g2 €
x _—+—-—|—,,,—I——m—; ......... (23.2)
0 Nl m

m -1 being the number of cells, N,, N, ... N, (total = N) the true numbers in
them for a representative distribution, and e,, ¢ ... ¢, the differences between the
N’s and the observed numbers #,, %, ... n,. This is the correct formula for the case
in which we are enquiring whether the data can reasonably be regarded as a random
sample from a hypothetical distribution which is completely known a priors.

- (i1) For the case in which the hypothetical distribution is not completely known but
contains %k constants which have to be determined from the data, PEARSON retains
the form of P as in (23.1) but replaces the lower limit y by y,, where

g 02 e (23.3)
* N, N/ N,.’

the N"’s being calculated when the ““ best” values have been obtained for the 4 constants,
and the 0’s being the differences between these N'’s and the observed n’s.

On general grounds, it is clear that this cannot be absolutely correct. If for calculating
the N”’s we use a distribution which is a good fit to the data—as would be the case for
an ordinary Gaussian distribution treated by the method of moments—we shall to
some extent be adjusting the theoretical distribution to suit the data, and the value
of P will be too great. If, on the other hand, we use a bad fit, P may be too small.

(iii) The correct formula for the cases mentioned in (ii) is \

f eIymt Tl dy
x'

jo e'}-—x’ Xm-—-k-——l dx

P=

where :
XE=O™0,0,5 e e e e e (23.5)
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®,, being the mean product of 6, and 0, and @™ being the set reciprocal to ©,,.
The summation is for m — & 0’s, say 6,,, to 0,.

The calculation of y'2 by means of (23.5) is ordinarily so laborious as to be out of the
question. It is therefore important to consider the relation between 2 and y 2.

(iv) Whatever (correct) method we use for finding the constants which determine
the N"’s, we shall always arrive at the same value of x'2 (differences which are relatively
of order 1/4/N or of a higher order being ignored). But, as pointed out in (ii), differences
of method will give different values of y,2.

(v) The truth seems to be that x,2 is actually equal to x'2 when the N"’s for (23.3) are
calculated from the most probable values of the constants as given by the data; so
that PEarsoN’s formula is correct if the m of (23.1) is replaced by m — k. 1 have
not been able to prove this theorem generally ; but I have proved it (§ 22) for contingency
tables (thus confirming YULE’s experimental results) and have verified it arithmetically
for a Gaussian distribution in two simple cases (§§19-21). As regards the general
theorem, we note that 2 can be expressed in terms of the m — & 6’s occurring in y

by means of the relations 6, = — 6, — 6, — ... — 6,, and, as in (9.1),
_ 9Ca g _
(=128 F6=0, .. ... ... . (235)

where C, are the % constants of the distribution. To prove the theorem, we should
have to prove that, whatever method is adopted for calculating the constants, y,* —
is equal to an expression which cannot be negative but will be 0 if the conditions (I.5)
of Appendix I are satisfied. Since N,= NP, and N, + N, 4+ ... + N,, = N, these
conditions may for our purpose be written in the form

@=1,2..% 2leNg _o ... ... (23.6)
f=0 aCa . N

(vi) The following are two points of detail. v

(a) If entries are grouped for the purpose of the test, they must be grouped
in the same way for finding the most probable values of the constants, though
the original tabulation may of course be used for getting first approximations.

(b) The relations (23.6), which are essential to the determination of the best
values of the constants, have been obtained on the assumption that all reason-
ably possible combinations of values of the constants are equally probable a priori.
Are we to say that when this is not the case the theorem does not hold good, i.e.,
%2 is not equal to x"2 ? '

T think not. A corresponding assumption has really been made in obtaining the
value of 2 itself ; and the two assumptions balance one another. There seems no
reason to doubt that the theorem, if true on these particular assumptions, is true
generally. But this enquiry belongs to a more advanced stage.
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ArpeNDIX L.
Most probable values of frequency-constants.

1. Problem.—Let the actual numbers in the m -4 1 categories of a frequency-dis-
tribution be %y, %, ... n,, the total number being N, so that

g +0 + ... +m,=N. . ... (I.1)

On the hypothesis that these numbers can be regarded as the result of random sampling
from a source in which the distribution follows a certain law, with constants C, C, ... C,,
it is required to find the most probable values of the C’s, making the usual assumption
as to the relative probabilities of occurrence of different values.

2. Method.—On the above hypothesis, let the proportions in the m -- 1 categories
of the source, for specified values of the C’s, be* Py, P, Py ... P, Then each P is
a definite function of the C’s, ¢.e.,

(7‘=0, 1,2 see m) Pr =fr(01, 02 cee Ck)’ ....... (1.2)
these being connected by the relation
P0+P1+P2+--‘+Pm=1‘ ......... (1.3)

The probability that if N individuals are taken at random the numbers in the » + 1
categories will be 7y, 7y, g ... Ny 18

il

N ! P 7y i :
P m PO P1 e Pm e e e e e e e e (1.4)
To find the most probable values of the (’s we make the usual assumption that all
combinations of reasonably possible values are equally frequent; and the required
values are therefore found (cf. FisHER, ref. 2, p. 356) by choosing the C’s so as to make
p a maximum, the #’s, of course, remaining constant.

3. Resulting equations.—Taking logarithms of both sides of (1.4), difierentiating with
rega,rd to each C, and equating the results to zero, we get

(«=1,2.. k)znf—@g—g’=o ......... (L.5)
F=0 aC,

as the equations which have to be satisfied in order that p may be a maximum.

* These P’s, of course, have nothing to do with the P’s of §17.
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As a very simple example, suppose there are only two categories. We can take C
to be the proportion in one category, so that P, = C, P, =1 — C. Then (I. 5) gives us

N My

PO Pl
u.e., the most probable distribution is that shown by the data.

4. Approzimative equations.—In theory, the equations (1.5) are sufficient to determine
the C’s. In practice, the equations cannot usually be solved as they stand, and we
have to proceed by successive approximations.

For simplicity, suppose there are only two C’s, which we may call M and D. We
start with approximate values of M and D, obtained in any convenient way ; we denote
these, and the corresponding values of the P’s obtained from (1.2), by capital letters.
We then replace M and D by M + ¢ and D + o, and find the values of ¢ and o that
will make the resulting value of p a maximum. Denoting the altered values of the P’s,
when M and D are replaced by M + ¢ and D + w, by p’s, (1.4) becomes

log p = const. +f§ welogpes o o o oo oL (L.6)
=0
where
log p, = log P, I (a longq_, + 0 long >

2 log Py Yo _}_8 log P
oM oD oD?

/—l—etc N )

+2<Q—-al%4g2—f¢2+2

Substituting from (L.7) in (1.6), differentiating with regard to ¢ and to « separately,
and equating the results to zero, we get the equations to determine ¢ and w. If we
omit terms containing higher powers than the 1st, we get

Enja long¢+ o?logP, = _ 2 0 log P,
7

"raeD ¢ T "M )
32 log P 3 log P alP"""(LS)
-, 0% log I, og Y, dlog Py
LfamaD‘H ANPTE ? oD J

These equations give approximate values for ¢ and w. The process can be repeated
for obtaining further approximations; revised values of dlog P,/6M, etc., being
obtained, at each stage, from the latest approximation. Or we could introduce further
terms into (1.8).

5. Normal distribution.—As an example, take the case of a normal distribution.
Let the categories be determined by values Y_; (= — ©),Y,, Y, ... Y, (= + o)
of a variate Y. Then
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where
A= J‘if:*z X,  Z= V};;e—;x-, X, =¥.&%]_):_.M_, .. (1.10)
Using the notation
d writi [Al; = A — Ay, ete,
and writing ‘
gy =L g =X, X2, S IXOZ )

EVA AV VAL AT VA TV

it will be found that the equations (1.8) become

Z (g + Pop) - Y+ Z (o — Gop + Qop Q) p- 0 = — Z q()f'nf'D

4 ! ! (1.12)
Z (g — Gor + Qs y - b + 2 (G — 21+ Pag) - 0 =— 2 g0, D

6. Numerical example—For a numerical example, take the case constructed in
Appendix II. The data are

. p Y43 7.
0 — @ — 6 47494
1 — 6 — 2 55965
2 -2 + 1 52182
3 + 1 + 4 51458
4 4 4 48 52141
5 + 8 Hip 40760
Total 300000

For a 1st approximation we obviously take
M=+2/3, D=20/3.

Using these values for finding g, ete., we get -

Y =-40-00991 51046, « = 4 0-00281 86887,
so that our 2nd approximation is

M= +40-67658 17713, D = 6:66948 53554.
A 3rd approximation gives

' M= 4 0-67658 99206, D = 6-66950 00707,

which is good enough to work with.

In this example the n’s are all large. But this is not necessary. The method is
applicable even if the n’s are small ; and the values of the constants can be worked out
as accurately as we please, or, rather, as is permitted by the mathematical tables we
use and the capacity of our calculating machine. ‘

VOL. CCXXVIII.—A X
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Arpenpix IL
Construction of illustrative examaples.

1. Principle of construction.—In the theory of statistical frequency, and in the
calculus of observations generally, there is usually a difficulty in providing suitable
material for illustration of theory or of formula. Two methods are in use. The first
is to take a set of actual observations, and deal with them according to some assumption
as to the law connecting the observed quantities. The second is to construct a theoretical
set of observations, following exactly (or to the nearest multiple of the unit of measure-
ment) a hypothetical law, and deal with the figures as if we were dealing with a mathe-
matical table. Neither of these methods is quite satisfactory. The defect of the first
is that we do not know the constants involved, and indeed can rarely be quite certain
even as to the underlying law. The defect of the second is that the quantities in our
constructed scheme, being calculated exactly, do not contain errors such as those of
measurement or of random sampling, and therefore are not the sort of data that we
actually have to deal with in practice. What we need is something that shall combine
the virtues of the two methods. In the theory of statistical frequency, for instance,
we should assume a certain distribution of values in a population, and should then
construct a table showing the sort of result that might be obtained by random sampling
from this population. The table so constructed could be used for illustrating or testing
any relevant method of treatment.

2. Errors undependent.—In the simplest type of case, the errors which we have to
introduce are independent of one another, and each error is one of a set of errors dis-
tributed about a mean value zero, according to the Gaussian law, with a known s.d.
We begin with a series of quantities U;, U, ... calculated on some hypothesis ; they
might, for instance, be the values of some simple function of Y corresponding to definite
values Y;, Y, ... of Y. Each U, say U, is to be affected with an error ¢s, the mean
value of which is 0, and 1ts s.d. D;. From a distribution of values of £ with frequencies
given by Loc e™¥ we take values £, &, ... at random ; and we replace U, U, ... by
U, + &D,, Uy +£,D,.... The set of quantities thus obtained is an illustrative
set.

3. Errors corrélated.—In the more common case, the quantities U;, U, ... are liable
to errors which are not independent but correlated. What we have to do, then, after
having formed our hypothesis and determined what the U’s would be if there were no
errors, is to calculate a new set of quantities V;, V, ... which are definite functions
of the U’s and are so related to them that their errors will be independent. We proceed
as in the previous' case, constructing values V; 4+ £, D,, V, 4+ £,D, ..., where
D,, D, ... are the s.dd. of the errors of the V’s, and then find the corresponding U’s,
which we may call 4, u, ... . These u’s are the set of quantities we require.
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For a frequency-distribution of N individuals, a simple method is to use the property
mentioned in § 15. Taking the m - 1 frequencies in any order, let T, (= 0), Ty, T, ...
T\, Tus; (= N) be their successive sums, and let R, =T, /T, Ry, =T,/Ts ... R,, = T,,/N
be the ratios of consecutive T’s. Then the errors to which the R’s are liable are

independent, and the m.s.e. for R, is R2 <—1— — ——1——) Adding errors to the R’s
~ T, T,

accordingly, we obtain new values r,, 7, ... 7,,; and the corresponding ¢’s are formed
by successive multiplications, beginning with ¢, = r, N. The differences of the #’s
are the entries for the required table.

It has been assumed, in the above, that the frequencies are all fairly large, so that
the error of any quantity is small in comparison with the quantity. Where this is not
the case, special methods must be employed, which need not be considered here.

4. Numerical example—The following is an example of a Gaussian distribution
constructed by the above method.
We start with a representative distribution for which

mean value of Y = %; s.d. of Y = 22; N = 300,000.

The equation to the frequency-figure is then

1 -3 (3=2)"
et

1 = 000 —_——— 20 7,
ordinate = 300, X Vo . 20)3

As determining values of the classification (m = 5) we take

Y="*6a —2, +1, + 4, + 8.

The following extracts from the numerical work will show the method : some of the
entries have been abbreviated. The &’s were taken from a table of 100 &’s, constructed
for use in cases of this kind. '

r=R

S Y, Ty Ry =T;/Ts41. &s. ! + gf D;. 73 ter1—ts
5} + 8 259300 -182 0-8643339 —0-:3196812 0-8641341 259240 40760
4 + 4 207438 -738 0-:7999946 —1-4329574 07988688 207099 52141
3 + 1 155981 - 642 0-:7519408 —0-4336674 0-7515292 155641 51458
2 — 2 103373 -477 0-6627285 +1-6702496 0-:6647301 103459 52182
1 — 6 47596 -576 04604332 —0-8866451 0-4590592 47494 55965
0 — o — — — — 0 47494
Total 300000
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